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I. INTRODUCTION
Carrier transport in low-dimensional semiconductor structures (quantum wells and wires) is of interest for fast (high mobility) electronic devices. Many previous studies have focused on the low-temperature conduction in semiconductor quantum wires. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] The scope of these past investigations covers fields of low-temperature elastic scattering, 1-8 inelastic scattering, 10, 11 and magnetic-field effects 5, 6, [8] [9] [10] 12 in quantum wires. In these quantum-wire systems, scattering by impurities, interface roughness at low temperatures and by phonons at high temperatures plays a dominant role for the momentum relaxation of drifting electrons.
Although electron-electron scattering has been known to affect the carrier transport in semiconductors for a long time, [13] [14] [15] it has not received sufficient attention in the past, especially in the recent calculations of mobilities in semiconductor quantum-wire systems, due to the complexity of calculations involved. In this paper, we examine the effect of electron-electron scattering on the resistivity using the Fermi liquid model. As is well known, electron-electron interaction yields the Lüttinger liquid effect in clean systems. This effect will not be considered here.
In modulation n-doped quantum-wire structures, there are usually many more conduction electrons than ionized impurities inside the channel. As a result, an electron can be scattered much more frequently by other electrons than by ionized impurities, leading to an enhanced effect of electron-electron scattering. In addition, acoustic phonon scattering is suppressed at low temperatures. 10, 11 Therefore, electron-electron scattering cannot be ignored in the calculation of the conductance in modulation-doped quantum wires. However, electron-electron scattering alone does not produce momentum dissipation directly because of two-particle momentum conservation. 16 The major role of electron-electron scattering is the energy relaxation where carriers undergo rapid inelastic transitions among all the states accessible by electron-electron scattering. As a result, the momentum relaxation rate becomes averaged over many states, becoming less dependent on the energy, and is driven from the original exact relaxation rate for the rest of the elastic and inelastic scattering mechanisms without electron-electron scattering. This effect increases the resistivity. A quantitative argument based on the variational principle was given earlier for this effect.
15
In this paper, we quantitatively study the effect of the competition of elastic, inelastic and electron-electron scattering as functions of the temperature T and the electron density n 1D .
The intrasubband electron-electron scattering is found to yield no net effect on the transport of electrons in the 1D limit where only one sublevel is occupied. This is in sharp contrast to a finite intrasubband electron-electron scattering in the 2D limit. 15 In multisublevel quantum wires, intersubband electron-electron scattering is found to be significant at low temperatures in momentum-relaxation processes as will be demonstrated later in our numerical calculations. It is prohibitively difficult to study the effect of electron-electron scattering in two and three dimensions accurately. In a one dimensional system, however, we can develop an accurate solution to the Boltzmann transport equation utilizing the fact that there are only a discrete number of points in k space for a given energy unlike in higher dimensions.
We establish a matrix-equation approach for numerical calculation. This approach has the advantage of performing numerical calculation with any desired accuracy. As a result, the Boltzmann transport equation (described in the next section) can be solved exactly formally for quantum wires yielding accurate numerical results. We apply this approach to study the temperature-and density-dependent resistance of a single quantum wire. For elastic scattering, we consider only surface-roughness scattering and neglect scattering from ionized impurities by assuming that dopants sit far away from the quantum wire in the growth (z) direction in modulation-doped systems. We study only high-quality quantum wires where the localization length is expected to be longer than the sample length.
The outline of this paper is as follows. In Sec. II we derive an expression for the conductance in the presence of interface-roughness, phonon and electron-electron scattering in a multi-sublevel single quantum wire. In Sec. III we construct a matrix-equation approach for solving the Boltzmann transport equation numerically with any desired accuracy. In
Sec. IV effects of intersubband electron-electron scattering on the temperature and density dependence of the resistance are computed numerically, along with detailed discussions and explanations of the numerical results. A brief conclusion is given in Sec. V.
II. SCATTERING EFFECTS ON MULTI-SUBLEVEL TRANSPORT
In this section, we briefly review the key results in our previous studies 8, 10 and repeat some of the equations for completeness of the theory presented in this paper. By using notation nearly identical to that already in the literatures, 8, 10 the Boltzmann transport equation for electrons along the wire (y) direction is given by
where P j stands for the electron-phonon scattering and Q j represents electron-electron scattering. These quantities will be given below. In Eq. (1), ε j and v j =h −1 dε j /dk are the kinetic energy and the group velocity of the electrons in the electronic state j = {n, k}.
Here, n = 0, 1, · · · represents the sublevel index due to the size quantization of the wire in the x direction and k is the wave number of free electrons along the y direction. Moreover, I j ′ ,j is the elastic scattering matrix 8 due to interface roughness. The quantity g j is proportional to the nonequilibrium deviation from the equilibrium Fermi distribution function
after a linear expansion of the distribution function to the leading order in the external electric field E:
The quantity P j in Eq. (1), representing the contribution from the inelastic electronphonon interaction, is given by 10,17
where V s q j ′ ,j is the screened electron-phonon interaction 11 defined by < n ′ k ′ V e−ph s, q nk >= V s q j ′ ,j δ k ′ , k+qy and the sign − (or +) corresponds to the one-phonon emission (or absorption)
process. In Eq. (2), f
and n s q is the Boson distribution function for phonons of mode s, having wave vector q = (q x , q y , q z ) and equilibrium phonon energyhω s q .
To consider the effect of electron-electron scattering on transport we assume that only the quantum-well ground state φ 0 (z) with energy level E 1z is relevant in the z direction due to an extra-thin thickness of the wire in this direction and low temperatures. The wave function along the wire direction is just a plane wave. The wave function of the nth sublevel in the x direction is denoted by ψ n (x). We further assume that the confining potential in the x direction is a parabolic confinement. This gives rise to a harmonic wave function
2)H n (αx) and a quantized energy level (n + 1/2)hΩ 0 , where H n (x) is the nth-order Hermite polynomial, α = m * Ω 0 /h, m * is the effective mass of electrons, andhΩ 0 is the energy-level separation. An electron in an initial state j = (n, k)
will be scattered into a final state j ′ = (n ′ , k ′ ) by simultaneously scattering another electron from an initial state
) through the Coulomb interaction between two electrons, which is given by
where ǫ r is the dielectric constant of the host material and L is the wire length. This can be explicitly calculated as
and is further simplified to
where K 0 (x) is the modified Bessel function of the third kind, and R =
By denoting the two-electron wave function as
the matrix element of the Coulomb interaction V c for the normalized spin singlet (upper sign) and the spin triplet (lower sign) states is given by
Here, the first term corresponds to Eq. (3) and the second (i.e., the exchange) term is found
The interaction averaged over the spin configuration leads tō
The electron-electron scattering adds a term Q j on the left hand side of Eq. (1), 18, 19 which is given by
Here, T is the temperature of the thermal-equilibrium system, and the spin degeneracy has been taken into account. The dynamical screening to the electron-electron scattering in Eq. (5) can be included through the following substitutions
where ǫ RPA ij (|q y |, ω) can be found from diagonal elements of a dielectric-function matrix under a random-phase approximation (RPA). 20 After the Fourier transform of K 0 (x) with respect to η, the expression for q y -dependent K
n (x) is the nth-order associated Laguerre polynomial, n < = min(n, n ′ ),
2 , and the form factor is
The conductance is found to be
where the symbol ⊗ represents the matrix inner product, the k-summation for the running variable j is converted into the ε j -integration in the second equality, and S,g are column vectors with elements s ν andg ν defined below. The index ν describes a group of discrete equi-energy points given by the intersection of the horizontal line at an energy ε with a series of energy-dispersion curves, namely the solution of ε = ε j for each j. The element (6) is the sign of the slope of the tangent to the dispersion curves at these points. The quantityg ν is related to g ν at the equi-energy point ν. Enumerating the indices of these points by
for symmetric dispersion curves, introducing g ν =g ν +g N , and using the fact that g −ν = −g ν , we find
The branch index n and the wave number k of the equi-energy point ν depends on the energy ε. Hereafter, we put this ε-dependence specifically on all quantities, e.g., g ν (ε).
Following the previous treatment, 8 we find
Hereg, S, P and Q are column vectors with the index ν excluding the end point ν = N for each energy ε in Eq. (7), V(ε) is a diagonal matrix with absolute velocity |v| being its element in ν, and U is the 2N − 1 by 2N − 1 square matrix (taking away the last row and column) 8 with its off-diagonal elements (j ′ = j) by
and its diagonal elements by
n (x), z 1 is the position of the Al x Ga 1−x As/GaAs-interface of a symmetric quantum well in the growth direction, V 0 is the conduction band offset at the interface, δb is the average layer fluctuation, and Λ is the correlation length of roughness in the x, y directions. The elimination of the Nth-point in the process of reducing Eq. (1) into Eq. (9) is necessary due to the fact that the matrix U is singular in general and has no inverse if this point is included.
8
In order to carry out the q-summation in Eq. (2) for phonon scattering, we introduce a
where A is the cross-sectional area of the wire. We now employ the Debye approximation at low temperatures for acoustic phonons and usehω s q =hc s q, where c s is the sound velocity. Carrying out the q-integration through the energy delta function and converting the k ′ -summation into the energy-integration, we find
where Ω = AL is the sample volume, Θ(ε) is the unit step function,
In Eq. (10), ε ν indicates the point ν at the energy ε, and the ε ′ -integration excludes the region where q ⊥ becomes imaginary. The electron-phonon interaction matrix elements in Eq. (10) are calculated as
are the larger (lesser) of n and n ′ , and
Moreover, for the longitudinal (s = l) and transverse (s = t) modes of acoustic phonons, we
where ρ 0 , D, and h 14 are the ion-mass density, deformation-potential coefficient, and piezoelectric constant 10 and the form factors are
.
By defining
the energy-delta function in Eq. (5) with a parabolic energy dispersion ε j ≡ ε n,k = E 1z + (n + 1/2)hΩ 0 +h 2 k 2 /2m * can be rewritten as
Here, ξ is related to the energy-level separationhΩ 0 . When both electrons undergo intrasubband scattering, only the exchange scattering with k ′ = k 1 and k ′ 1 = k is possible in view of ξ = 0. In this case, however, Q j = 0 because the sum of all g factors in Eq. (5) vanishes. Therefore, the intrasubband electron-electron scattering cancels itself completely and has no net effect on the conductance for a single-sublevel occupation in the 1D limit.
In the following, we consider intersubband electron-electron scattering that involves only two occupied sublevels at low densities for simplicity and writehΩ 0 ≡h 
where
From these, we find
The first two terms
in the momentum summations of Eq. (5) are denoted by
Based on these, we arrive at
We now interchange variables j ′ ←→ j 1 for the k ′ -integration and variables j (15), and obtain
III. MATRIX FORMALISM FOR THE CONDUCTANCE
In this section, we present details of the matrix formalism for solving the Boltzmann transport equation numerically with any desired accuracy. For the phonon scattering P term, let us first define the scattering-out (second) term on the right-hand side of Eq. (10)
along with conditions given in Eq. (11) . We now replace the ε ′ -integration in the scatteringin (first) term in Eq. (10) by a summation over energy points uniformly spaced with a sufficiently small energy interval δε. We further introduce a new index t = {ℓ, m}, where ℓ counts points from the left to the right for a given energy and m indicates energy branches in the above subdivision. Defining
we can recast Eq. (10) into a matrix form 
where for t = {ℓ, m} and t ′ = {ℓ ′ , m ′ } we havẽ
It is understood that the index t (t ′ ) excludes the right-most point for a given energy index
Here, ℓ ′ = 1 signifies the left-most point for any energy index m ′ .
For the intersubband electron-electron scattering Q term, we now transform the k 1 -integration in Eqs. (13) and (16) into an energy integration using dk 1 = dε j 1 /h |v j 1 | and change the ε j 1 -integration into a discrete summation by chopping the integration into many sufficiently small uniform intervals of width δε as before. Equation (13) leads to
j,j 1 and
The quantity Q (+) j in Eq. (16) can also be written in a matrix form
Finally, the last term on the left side of Eq. (1) is then given by
with
j,j 1 , and the summation on j 1 indicates summing over all points generated by intersections between uniformly spaced horizontal energy lines and energy-dispersion
where for t = {ℓ, m} and t
Inserting Eqs. (20) and (27) into Eq. (9), we find
and the solution of Eq. (29) isg
Here, indices t = {ℓ, m} and t ′ = {ℓ ′ , m ′ } exclude the right-most points for any given energy indices m, m ′ . The index m is the k value at the intersection point t. Note that U is blockdiagonal, namely U t,t ′ ∝ δ m ′ ,m , while |v t,t ′ | ∝ δ t,t ′ is diagonal. When both the roughness and phonon scattering are absent from Eq. (30), i.e. U =W = 0, we find that the matrixZ itself is singular. This confirms that the electron-electron scattering alone does not contribute to the resistance in the transport due to the fact that it conserves total momentum and does not dissipate momentum. The conductance is found from the discrete version of Eq. (6):
IV. NUMERICAL RESULTS AND DISCUSSION
In this section, we present the numerical results and discussions. In our numerical calcu- The wire length in the y direction is assumed to be L = 1 µm except for the cases indicated.
For the 1D density n 1D = 10 6 cm −1 assumed for the numerical study, the relative chemical potentialμ = µ − E 1z −hΩ 0 /2 shows thathΩ 0 <μ < 2hΩ 0 for the temperature range 0.5 ≤ T ≤ 8 K considered, indicating occupation of the two lowest sublevels n = 0, 1.
When T tends to zero,μ approaches the Fermi levels E 1F = 4.98 meV and E 2F = 2.28 meV , indicating that the electrons are highly degenerate.
In Fig. 1 , we present the scaled resistances R/R 0 as a function of the temperature T in the range 4 ≤ T ≤ 8 K. Here, R 0 is the resistance R 1 due to surface roughness scattering at T = 0.5 K. When only the roughness scattering is present, R 1 (dash-dot-dotted curve) increases with T due to gradual population (μ < ∼ 2hΩ 0 ) of the bottom of the sublevel n = 2,
where the density-of-states (proportional to the inverse of the electron group velocity) is very large, yielding enhanced roughness scattering. When T is very high, R 1 becomes linear in T . When phonon scattering is added, the total resistance R 2 (dashed curve) increases with T faster compared to R 1 , causing an appreciable enhancement of the resistance at T = 8 K. When electron-electron scattering is further included, R 3 (solid curve) displays a much stronger increase with T compared to R 2 , showing a significant enhancement of the resistance at T = 8 K. On the other hand, the differences among R 1 , R 2 , and R 3 become negligible at low temperatures T ≤ 1 K. The inset of the figure shows R 3 /R 0 as a function of T in the whole range of T considered. The overall feature of R 3 /R 0 reflects the T -dependence of R 1 /R 0 since the system is dominated by roughness scattering.
Electron-electron scattering itself does not directly contribute to the resistance in the transport of electrons because it conserves the two-particle momentum through the scattering process. However, it contributes to the momentum dissipation indirectly by redistributing the electron energy. This point can be made clear by using Kohler's variational principle. 15, 18 According to this theorem, the resistance is minimum and exact when the entropy production rate due to the external field is minimum. To make the argument simple, we suppose for a moment that the electron-electron interaction is infinitely large in comparison with other elastic and inelastic interactions. In this case, the exact resistivity is obtained when the transport relaxation time is independent of the energy in the effectivemass model. The exact resistivity is proportional to the entropy production rate under the DC field which vanishes for this solution. 18 What happens is that the electrons are swept through all possible accessible states rapidly by electron-electron scattering. As a result, the relaxation rate is averaged over these states and becomes independent of the energy.
While this energy-independent relaxation rate minimizes the entropy production rate from electron-electron scattering and the resistance, this solution does not minimize the entropy production rate from other elastic and inelastic scattering mechanisms and raises the resistivity for these mechanisms beyond their original exact resistivity obtained in the absence of electron-electron scattering. In the presence of realistic (i.e., finite) electron-electron scattering, there is a compromise between the electron-electron scattering and rest of the scattering mechanisms in minimizing the entropy production rate, enhancing the net resistivity beyond the resistivity value without electron-electron scattering. Practically, the roughness scattering often dominates the phonon and electron-electron scattering at low temperatures, as seen in Fig. 1 . However, we can theoretically highlight the importance of the buried electron-electron scattering either by deducting the contribution of roughness scattering or even by assuming the absence of roughness scattering in our system. Figure 2 shows the effect of electron-electron scattering on the resistivity in the presence of strong roughness scattering in (a) and without roughness scattering in (b). Case (a) corresponds to the situation studied in Fig. 1 with the same definitions for R 1 , R 2 , R 3
but not for R 0 . The contribution from the phonon or electron-electron scattering can be separated as clearly seen in (a) which presents the scaled resistance differences ∆R/R 0 and in (b) which shows the scaled resistance R/R 0 as a function of the temperature. In (a), the contribution from phonon scattering is shown as R 2 − R 1 (dashed curve), while the contribution from electron-electron scattering is shown as R 3 −R 2 (solid curve). The phonon scattering part R 2 −R 1 displays a rapid rise above T > T 0 = 2c s 2m * (μ −hΩ 0 )/k B ∼ 2.7 K.
The energy k B T 0 equals the energy of the phonon with wave number q y = 2k 1F corresponding to the momentum transfer between the Fermi points in the sublevel n = 1. For T ≫ T 0 , R 2 − R 1 is found to exhibit a linear behavior in T /T 0 . The electron-electron scattering contribution R 3 − R 2 vanishes at T = 0 K due to the restricted phase space available for scattering. However, R 3 − R 2 increases rapidly with T , roughly ∝ T 2 below 2 K, a well-known behavior from the Umklapp scattering process. 18 In the high-temperature nondegenerate regime, we can show analytically that (R 3 − R 2 )/R 1 approaches a constant (4 − π)/π for the roughness-scattering dominated system in the presence of strong electronelectron scattering following the method given earlier by one of the authors. 15 In this high temperature regime, the increase of R 3 −R 2 slows down to a quasilinear dependence of R 1 as seen from (a). In contrast, we do not see the slow down in the increase of electron-electron scattering contribution with T at high temperatures in (b) in the absence of roughness scattering. In this case, we can show analytically that the ratio of the upper solid curve and the lower dashed curve approaches a constant 4/π in the high-temperature nondegenerate regime for strong electron-electron interaction. 15 Interestingly, the numerical ratio of the resistance between the solid and dashed curves in (b) approaches roughly 4/π ≃ 1.3 at high temperatures.
In the following we study the density dependence of the resistivity at T = 4 K. The quantityμ increases with n 1D from one range 0 <μ <hΩ 0 to another rangehΩ 0 <μ < 2hΩ 0 , passing through the occupation of the bottom of sublevel n = 1 in the x direction at n 1D = 0.5 × 10 6 cm −1 . In Fig. 3 , we show the calculated scaled resistances R/R 0 as functions of the density n 1D within a small range 0.8 × 10 6 ≤ n 1D ≤ 1.0 × 10 6 cm −1 . Here, R 0 is the resistance R 1 due to surface roughness scattering at n 1D = 10 6 cm −1 . When only roughness scattering is present, the resistance R 1 (dash-dot-dotted curve) decreases with n 1D as 1/n 1D .
With phonon scattering added, we see very small changes in R 2 (dashed curve). When electron-electron scattering is further taken into account, we find relatively large changes in R 3 (solid curve) compared to that in R 2 . In addition, the differences among R 1 , R 2 , and R 3 as functions of n 1D are smaller compared to those shown as functions of T in Fig. 1 . The inset of the figure shows R 3 /R 0 as a function of n 1D in the whole range of n 1D considered. The overall feature of R 3 /R 0 in the inset is dominated by the roughness-scattering contribution R 1 /R 0 . The plateau-like feature in the range 0.4 × 10 6 < n 1D < 0.6 × 10 6 cm −1 arises from the abrupt rise of R 1 near n 1D = 0.5 × 10 6 cm −1 , whereμ passes through the bottom of the n = 1 sublevel, where the scattering rate is very large due to the large density of states.
The dominance of roughness scattering in Fig. 3 overshadows the electron-electron scattering as a function of the electron density. Figure 4 highlights the effects of electron-electron and phonon scattering by (a) including and (b) removing the roughness scattering from our system. Case (a) corresponds to the situation studied in Fig. 3 with the same definitions for R 1 , R 2 , R 3 but not for R 0 . The contribution from the phonon or electron-electron scattering can be separated as clearly seen in (a) which presents the scaled resistance differences ∆R/R 0 and in (b) which shows the scaled resistance R/R 0 as a function of the density. In (a), the contribution from phonon scattering is shown as R 2 − R 1 (dashed curve), while the contribution from electron-electron scattering is shown as R 3 − R 2 (solid curve). For phonon scattering in (a), R 2 − R 1 displays a broad peak around n 1D = 0.5 × 10 6 cm −1 where the n = 1 sublevel starts to be populated. Just above the threshold density for the occupation of the n = 1 sublevel, the Fermi wave vector k 1F of this sublevel is small allowing efficient emission and absorption of small-momentum phonons. With further increasing of n 1D , k 1F becomes larger, leading to a suppression of phonon scattering or a decrease of R 2 − R 1 with n 1D . The electron-electron scattering contributions R 3 − R 2 vanishes in (a) at low density due to the complete cancellation of the intrasubband electron-electron scattering until the n = 1 sublevel is populated at n 1D = 0.5 × 10 6 cm −1 . When n 1D increases above this value, R 3 − R 2 increases dramatically with n 1D because more and more electrons are available for Coulomb scattering, in sharp contrast to the decrease of R 2 − R 1 with n 1D . As a result,
In the absence of roughness scattering, we find from (b) that the effect of electron-electron scattering (solid curve) is to enhance the phonon-scattering resistivity (dashed curve) above the threshold density at n 1D = 0.5 × 10 6 cm −1 . A completely different n 1D dependence of the resistance is seen in (b) for a roughness-free system in contrast with that in the inset of Fig. 3 for a roughness-dominated system.
V. CONCLUSIONS
In conclusion, we have investigated the effect of the electron-electron interaction on the resistance of diffusive electrons in a multi-sublevel single quantum wire as a function of the temperature and the density at low temperatures. The intrasubband electron-electron scattering is shown to have no effect. However, for systems with multi-sublevel occupation, electron-electron scattering is shown to enhance the resistance significantly. Also, this effect is relatively more important in high-density systems. We have demonstrated that this effect can be studied with arbitrary accuracy using a formally exact solution of the Boltzmann transport equation in the presence of roughness and phonon scattering. 
